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Radial and angular dependencies
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Fields

magnetic field

B = ∇×A

power series in r

B = Bfar + Bnear

with

Bfar = ikr̂×A

Bnear = eikr∇× (Ae−ikr)

electric field

E =
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k
∇×B

E = Efar + Einter + Enear

Efar = ikc[A− (r̂ ·A)r̂]

Einter = −c[r̂(∇ · (Ae−ikr)) + ∇(r̂ ·Ae−ikr)]eikr

Enear =
ic

k
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Densities

densities of energy and momenta

w =
ε0
4

(E ·E∗ + c2B · B∗) p =
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<[E×B∗] j = r× p

Theorem

The density of any conserved quantity Q

that propagates radially with constant speed

is required to be homogeneous in r of degree −2.



Densities

radiated densities

wfar =
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(Efar ·E∗
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pfar =
ε0
2
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far]

jfar = ?

Note

The pure far field does not contribute to the

radiated angular momentum density.

jfar = r × pnext with pnext =
ε0
2
<[Efar ×B∗

near + Einter ×B∗

far]



Results
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Results
orbital angular momentum
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spin angular momentum
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Fluxes

power, force, and torques
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momenta

P = 0 → J = L + S intrinsic, but non-local

Lz =
l

ω
W l = vorticity

Sz =
h

ω
W h = helicity



Detection

torque measurement

dJz

dt
= α

l + h

ω

dW

dt
0 < α < 1

Ground

Torque

Antenna array

Absorber



Spin and orbital angular momentum of a point dipole

vector potential
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Radio waves associated with longitudinal currents
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densities of energy and momenta

wfar =
k2

4µ0

(Iµ0d

8πr

)2

(1 − cos2 θ)(C∗C)

pfar =
r̂k2

4cµ0

(Iµ0d

8πr

)2

(1 − cos2 θ)(C∗C)

jfar = l
−θ̂k2

4ωµ0

(Iµ0d

8πr

)2(1 − cos2 θ

sin θ

)

(C∗C)



Thank you for your attention!
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