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ABSTRACT

In the paper we consider the estimation of the polarization
properties of partially polarized electromagnetic waves us-
ing an array of Tripole antennas. We introduce the idea of
a probing Tripole array consisting of three independent Ro-
bust Capon Beamformers, one for each vector component of
the electromagnetic field, to cancel interfering signals com-
ing from other directions than that under consideration. We
develope three different estimators of the Stokes parame-
ters used to classify the polarization properties of the elec-
tromagnetic wave; a Least-Square estimator, a Maximum
Likelihood estimator and an estimator based on the rotation
of the sample covariance matrix.

1. INTRODUCTION

During the last decade Radio-based Astronomy has started
to exploit lower frequencies, 10 — 240 MHz, in the study
of Space. Two large astronomical arrays are under con-
struction in nothern Europe, LOFAR[1] and LOIS[2]. In
the LOIS project the Tripole antenna has been suggested
as a possible antenna due to e.g. the Tripoles polarization
flexibility [3]. One application within the LOIS project is
to estimate the polarization properties of incoming electro-
magnetic(EM) waves to determine the properties of their
origins. The objective of the probing Tripole array is two-
folded; the array should separate the Signal of Interest(SOI),

impinging from one particular direction-of-arrival(DOA), from

EM waves impinging from other DOA:s using beamform-
ing and thereafter estimate the polarization properties of the
SOIl. This procedure is repeated over a predefined DOA-
space containing all possible DOA:s of interest. A differ-
ent approach using Maximum Likelihood estimation of the
DOA:s and polarization properties is made in [4] using a
twin-dipole array and no beamforming. We believe that
the concept of a probing Tripole array could perform bet-
ter in this type of application due to weak SOI:s and the
cancellation of strong man-made interferers. For Radio-
based Astronomi the DOA-space can be limited to a hemi-
sphere or even smaller if there exist a-priori information
about the SOI. In section 2 we develope the signal model
of the Tripole array receiving partially polarized EM waves

and in section 3 we use Robust Capon Beamforming(RCB)
[5] to separate the SOI from the interferers and mitigate the
effects of steering vector errors which are most likely to oc-
cur in a large astronomical array. In section 4 we develope
three estimators for the Stokes parameters, a Least-Square
estimator, a Maximum Likelihood estimator and an estima-
tor based on the rotation of the sample covariance matrix. In
section 5 we exemplify the concept of the probing Tripole
array using the three estimators by a simulation.

2. SIGNAL MODEL

Consider a Uniform Linear Array(ULA) aligned along the
Cartesian base-vector & constructed of M Tripoles. The
placement vector for Tripole m is r,,, = (m — 1)d& where
d is the distance between two adjecent Tripoles. We assume
L incoming partially polarized EM waves where each EM
wave has a distinct DOA and a arbitrary polarization state,
see e.g. [6]. The cumulative EM field at position » is de-
scribed by

L-1

E(r,t) = Eo(r,t) + Y _ Ei(r,1), 1)
=1

where we have separated E(r, t) or the SOI to emphashize
that Eq(r,t) impings from the DOA(0y, ¢o) that shall be
probed next and that { E; (7, 1t)}f:’11 are EM waves with dif-
ferent DOA:s than the SOI and we interpret them as inter-
ferers to be cancelled when probing (6o, ¢o). We assume
that the incoming EM waves are plane-waves,

Ei(r,1) = (59, (1); + 50, (1)01)e7ct=3KT - (2)

I=0...L-1, where ¢, and ; are the base-vectors in spher-
ical coordiantes and depends on the DOA (6;, ¢;) of the
EM wave. Further, w, is the center angular frequency of
operation, A = w./c is the wavelength, ¢ is the propa-
gation velocity, k; = —27/A#; is the wave-vector where
7, is the spherical coordinate base-vector pointing in the
DOA (6, ¢;) towards the wavefront of the I:th wave with
the position of the first Tripole as reference. Observe that
—#1, ¢,,0; form a right-handed coordinate system for the



[:th EM wave while the dipole-elements of one Tripole are
aligned along the Cartesian base-vectors &, g, 2. The sig-
nal components of one EM wave from (2) are (omitting the
index ) s4(t) and s¢(t) where both are assumed to be nar-
rowband ergodic zero-mean complex Gaussian random pro-
cesses with statistical properties described by the coherency
matrix J,[4] [6],

_ gy _ [ Jun Ji2
J=£ {S(t)s(t> } - ( Jo1  Jao ) (3)
where s(t) = [s4(t) se(t)]", € is the expectation operator

and H and T is the Hermitian transponate and transponate,
respectively. We now introduce the Stokes parameters, [6],

so = Ji1+ Jao, 4
s1 = Ji1— Jao, (5)
so = 2R{J12}, and (6)
ss = 28{J12}. @)

The Stokes parameters are often used to calculate the power
o2 = Tr{J} = so, where Tr is the trace operator, and to de-
scribe the polarization state and degree of polarization(DoP)
of an EM wave. The DoP P can be calculated as

R ®)

where 0 < P < 1. If the EM wave is completely polarized
i.e. the EM wave has full degree of polarization, P = 1 and

s1 = spcos(2a)cos(20), 9)
sa = spcos(2a)sin(20), (10)
s3 = spsin(2a), (11)

where o and 3 are the angles of the polarization ellipse
that desribes the ellipticy and the orientation of the polar-
ization ellipse, respectively. Here, —7/4 < a < 7 /4 and
0 < B <7, a > 0 corresponds to clockwise polarization,
a = +m/4 corresponds to circular polarization and « = 0
correspsonds to linear polarization. We can express J as a
linear combination of the Stokes parameters,

J = 50Fg + s51F1 + soF2 + s3F3 (12)
where
05 0 05 0
Fo={"9 05 ) = ( 0 —05 )
0 0.5 . 0 0.5
F2={ 05 0o ) F3_3(0.5 0 )

Now, assume that the dipole-elements of each Tripole
are short compared to the wavelength of operation so that
the output voltage of each dipole-element will be propor-
tional to the strength of the components of EM vector-field.

Since each dipole-element in a Tripole are aligned along a
Cartesian base-vector, the output voltage from one Tripole
will give a measurement of the complete EM field-vector
expressed in Cartesian coordiantes. The separation of the
components of the EM wave is an advantage when the ob-
jective is to characterize the incoming EM waves. We di-
vide the Tripole array into three orthogonal dipole arrays,
termed subarrays where each subarray measures one com-
ponent of the EM vector-field in (2). After demodulation,
filtering and sampling (we continue to use ¢ as the variable
for discrete time) we denote the output voltages of the subar-
rays asy(t),yy(t),y-(t) where the subscipts x, y, = refers
to which Cartesian base-vector the dipole-elements of the
subarray are aligned with. From (1) and (2),

v(t) = As,(t) +v.(b), 13)
yy(t) = Asy(t) +vy(0), (14)
Y= (t) = As, (t) + Vv, (t)7 (15)

where A = [ay...ar_1] is the array manifold matrix and
) M
a = {e*ﬂk’l'rm} is the steering vector for the {:th
m=1

signal. The elements of the signal column matrices are

[sz(t)]1 = —singysg,(t) + cosbcosysg,(t), (16)
[sy(®)]1 = cosdisy,(t) + cosbsingyse, (t), (17)
[s:(t)1 = —sinb;sg,(t), (18)

and the column vectors v, (¢), v, (¢), v (¢) are independent
zero-mean white Gaussian noise vectors with equal variance
o2. Inthe next section we will use the three subarray models
to develop a probing-array using beamforming

3. PROBING AND BEAMFORMING

From section 2 we have three independent subarrays (13)-
(15), each subarray measuring one component of the cumu-
lative incident EM vector-field in (1). We intend to esti-
mate the polarization properties of an EM wave incident on
a distinct DOA while all other interferers are cancelled. The
DOA of interest could have been previously estimated or it
is treated as the next DOA in a predefined DOA-space that
shall be probed. Now, we define the probing Tripole array as
three independent Robust Capon Beamformers where each
Robust Capon Beamfomer(RCB) operats on one subarray
of dipoles to separate the SOI from the interferers. RCB
was recently proposed as a roboust beamforming technique
when there is limited knowledge about the true steering vec-
tors, see [5] and references therein. This is most likely the
case in a practical situation where there might be array cali-
bration errors e.g. from mutual coupling between the subar-
rays or DOA estimation errors. Define the spatially filtered



signals as
H
x(t)= | ¥yt |, (19)

where w,, W, W are the optimal weights per subarray ob-
tained using RCB. Assuming that the degrees of freedom M
of the beamforming is large enough so that the beamform-
ers are capable of suppressing all interferers we can rewrite
(19) using (13)-(18) as

x(t) = WVs(t) + v(t) (20)
where W = diag [Wao Wilag Wilag] ,s(t) = [sg, (1) s0,(t)]"
and

—sin(¢o) cos(fp) cos(¢po)
V= cos(¢g)  cos(fp)sin(go) (21)
0 — Sin(ao)

is a rotation matrix with orthogonal columns. Further, v(t) =
(Wi, (t) whv, (t) whv.(1)] "is a zero-mean Gaussian
noise vector with a covariance matrix

H
T

R, = opdiag [Wi'w, wilw, Wwiw.] = 0lG. (22
Observe that Standard Capon Beamforming(SCB)[7] incor-
porates the linear constraint w7 a, = 1 resulting in W = I
where I is a unity matrix. This is not the case for RCB.
RCB introduce W that has a diagonal structure and can in
this case be interpreted as complex gains, one gain for each
subarray. We do not possess information about the elements
of W since we do not know ag. We also observe that W is
dependent on the DOA of the SOI. The covariance matrix

for x(¢) is
C=¢&{x(txt)"} = WVIVIWH 4 52 (23)

where J is the coherency matrix (3) of the SOI. In the next
section we use (23) to estimate the Stokes parameters by a
Least-Square method, a Maximum Likelihood method and
a Rotation method.

4. STOKESPARAMETER ESTIMATION

We consider the estimation of the Stokes parameters s, =
[s0 51 s2 s3]T and the noise variance o2 by a Least-Square
method and a Maximum Likelihood Method. The two meth-
ods are compared to the Rotation method which is a com-
mon method in Radio-based Astronomy. In these three meth-
ods we assume that the model developed in section 3 is valid
i.e. the beamformer of each subarray has cancelled all in-
terferers and the SOI is described by (20) and (23). We are
aware of the W matrix introduced by the RCB of which we
have no information and therefore make the assumption that
W = Tin (23). The errors introduced due to this assump-
tion are incorporated in the steering vector errors.

4.1. Least-Square Estimator

Using (12) and (23) with W = T we find the Stokes param-
eters for the SOI as

o1 AQ]T

[Sst Oy (24)

= arg min
50,81,582,53,02

2
F

¢ -ou

where ¢ = 1/N YN x(t)x(t)H is the sample covari-
ance matrix, N is the number of snapshots, T is the matrix
transponate, F denotes the Frobenius norm and

3
Crs = Z SkVFkVH + 0'12}(;. (25)
k=0

4.2. Maximum Likelihood Estimator

We consider the stochastic maximum likelihood estimator
for J in (23) with W = 1. For the case of white Gaussian
noise see e.g. [8] for J (denoted R in [8]) which we modify
to account for the colored noise described by (22). The ML
estimators for J and o2 are

Jur = (VH(C -G V)T (26)
vt = (viev)yTtvigT! (27)

and .
52,1 :Tr{G*l(IfVVﬂc}. (28)

Using (26)-(28) in (4)-(7) we obtain the estimated Stokes
parameters.

4.3. Rotation of the Sample Covariance Matrix

First, we estimate o7 as the minimum eigenvalue of the ma-
trix pencil (C, G) i.e. find the eigenvectors {e;}3_, and
corresponding eigenvalues { A }3_, that fullfills

Ce, = \Géy, k=1,2,3, (29)

and let B
62p = min{\}. (30)

Observing that V has orthogonal columns and VZV = I
we define ) )
Jr=VH(C-42G)V (31)

which is easily computed. Then, use (31) in (4)-(7) to get
the estimated Stokes parameters.

5. SSIMULATIONS

We display a simulation using the three methods in section
4 and the signal model developed in sections 2 and 3 to es-
timate the Stoke parameters of the SOI. A complete search
over a DOA-space is not included but the concept has been



timate [absolut value]

Estimate [absolut value]

illustrated. Details on how the weight vectors in (19) are
obtained using RCB can be found in [5]. For simplicity we
consider a one dimensional DOA (6 = 45°,¢). For each
subarray, the error in the steering vector ag is modeled as a
DOA error a = ag(¢p + A), A = 3°, where a is a mea-
surement of ag at hand and together with ¢ = 3 are the
user parameters of the RCB algorithm, see [5] for further
details. We let each subarray beamformer use the theoreti-
cal covariance matrix C, = £ {y(t)xy/ ()}, k = z,y,2
obtained using (13)-(15). Using the corresponding sample
covariance matrices affects the performance of the beam-
formers but in [5] it is shown that RCB works well even
with a few snapshots. Also, we use an array of M = 10
Tripoles, d = A\/2 and we assume L = 5 signals. The
power of the SOl 02 = 10, the power of the interferers
of = 100,/ = 1..4, and 02 = 10. Further, we let the
DOA of the SOl ¢, = 45° and the DOA:s of the inter-
ferers ¢ = {20° 67° 95° 130° }. The polarization state of
the SOI is given by the corresponding Stokes parameters
so = 10, 81 = —6.66, s = 5.21, s3 = 1.49 while the
interferers are given arbitrary polarization states. The spe-
cific polarization states of the interferers are of less impor-
tance since there can exist combinations of DOA:s and po-
larization states that will have a negative affect on the beam-
forming but here we have assumed that the beamformers
will cancel all interferers. We use 1000 Monte-Carlo sim-
ulations to obtain a mean-value estimate of the Stokes pa-
rameters for different number of snapshots N. The results
are displayed in figure 1-4. First, we observe that the three
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methods have a bias related to not knowing W in (23). Us-
ing SCB and assuming no steering vector error, simulations
shows that the estimates of all three methods approches the

400 500 600 700 800 900  100¢ Too 200 300 400 500 600 700 800 900 1000

correct values as NV increases. The estimation could most
likely be improved by estimation of W' but it is not consid-
ered here. More over, it is noted that the LS-method and
ML-method have a simular performance for this simulation
while the Rotation method has a larger bias in the estimate
of sg. If the noise estimation was removed from the Rota-
tion method larger bias would be expected. We also point
out that the good results obtained in this simulation are due
to many parameters but most important are the performance
of beamformers. Using more antennas and if the uncertainty
about the steering vectors remains there would be a larger
bias and if possible compensation should be applied e.g. es-
timation of W or further array calibration.

6. SUMMARY

We have introduced a probing Tripole array in the context
of polarization properties estimation of partially polarized
EM waves. The concept exploites the Tripoles polariza-
tion flexibility to measure the components of the EM vector-
field combined with the robustness of the RCB technique to
mitigate array steering vector uncertainties when eliminat-
ing interferers and separating signals from different DOA!s.
Three different estimators of the Stokes parameters are in-
troduced and exemplified in a simulation.
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